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TECHNICAL MEMORANDUM 

I. INTRODUCTION 

One of the problems which arises in the design of 
space missions is the choice of communication bandwidth. In 
general the choice will be a compromise between the desire to 
transmit large quantities of data and the requirement to 
restrict weight and power consumption. 

In the case of many missions, and for the ones with 
which we will be concerned here, the distance between the 
t r z n s r ~ i t t c r  2 ~ 2  t h e  rece iver  dnea not. remain constant. Once 
the transmitter and receiver, the antenna, the modulation 
techniques, and numerous other items have been selected, the 
available communication rate at a given signal to noise ratio 
depends, at least, on the distance. 

For several cases of interest in deep space flight 
the velocity between the transmitter and receiver is constant 
with time and directed along their line of centers. In par- 
ticular, this is the case during a manned planetary flyby 
mission when the manned vehicle communicates with an unmanned 
probe at the planet subsequent to periapsis passage. As the 
separation distance increases linearly with time, received 
power will vary inversely with the square of time. If, in 
addition, the noise background remains constant (a non-trivial 
assumption), and all other transmission parameters remain con- 
stant, then the rate at which information can be transmitted, 
at a specified error rate, will obey the relation 

-2  Available t o  NASA Offices and (1) y = at 
'Research Centers Only, . 

where y is the rate of information transfer, and a is a constant 
which depends on the parameters of the transmission system, in- 
cluding the allowed error rate. The situation is illustrated 
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i n  F igu re  1. Transmiss ion  r a t e s  which a t  a g i v e n  t i m e  exceed 
y would produce e x c e s s i v e  e r ror  r a t e s  and are t h e r e f o r e  no t  
a l lowed;  any lower r a t e  i s  pe rmi t t ed .  Thus w e  w i l l  speak  of  
e q u a t i o n  (1) a s  p rov id ing  the  maximum p e r m i s s i b l e  r a t e  of  i n -  
fo rma t ion  t r a n s f e r .  

The developments of t h e  subsequent  s e c t i o n s  app ly  t o  
any s i t u a t i o n  i n  which t h e  a v a i l a b l e  communication bandwidth 
v a r i e s  w i t h  t i m e  i n  t h e  f a sh ion  of  e q u a t i o n  (1). 

Suppose t r a n s m i s s i o n s  beg in  a t  To g r e a t e r  t h a n  ze ro .  
(The t i m e  To w i l l  p l a y  an  e s s e n t i a l  r o l e  i n  t h e  subsequent  
development . )  The maximum amount o f  i n f o r m a t i o n ,  Q ,  which can 
be t r a n s m i t t e d  wi thout  v i o l a t i n g  (1) i s  g fven  by 

J 
TO 

Q i s  t h e  t o t a l  i n f o r m a t i o n  which can be t r a n s m i t t e d ,  beginning  
a t  To and c o n t i n u i n g  i n d e f i n i t e l y ,  ufider t he  p resc r ibed  condi- 
t i o n s .  It r e q u i r e s  t h e  in fo rma t ion  ra te  which i s  t r a n s m i t t e d  
b e  con t inuous ly  a d j u s t e d  t o  t h e  r a t e  i n d i c a t e d  by e q u a t i o n  (1). 
Q w i l l  s e r v e  as a benchmark a g a i n s t  which o t h e r  o p e r a t i o n a l  
schemes can b e  compared. 

Our concern i s  w i t h  modulat ion sys tems f o r  which i t  
i s  no t  p o s s i b l e  t o  a d j u s t  t h e  i n f o r m a t i o n  ra te  con t inuous ly .  
I n s t e a d ,  i t  i s  assumed that t h e  s y s t e m  i s  capab le  of t r a n s m i t t i n g  
a t  any one of n d i s c r e t e  r a t e s ;  these ra tes  are c o n s t a n t  and are 
determined p r i o r  t o  the miss ion ,  b u t  may be f r e e l y  chosen t h e n .  
The q u e s t i o n  which i s  posed is:  hew should the  n r a t e s  be chosen 
i n  o r d e r  t o  maximize t h e  t r a n s m i s s i o n  of i n f o r m a t i o n  under  t h e  
r e s t r i c t i o n  of e q u a t i o n  (1). It i s  an i n h e r e n t  assumption i n  
t h i s  d i s c u s s i o n  t h a t  i t  i s  des i rab le  t o  maximize t h e  f low of 
i n f o r m a t i o n ,  and that  data t r a n s m i t t e d  a t  any t i m e  i s  as u s e f u l  
as data t r a n s m i t t e d  a t  ano the r  t ime .  
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Two s e p a r a t e  c a s e s  a r e  cons ide red  i n  subsequent  s e c t i o n s .  
I n  t h e  f i r s t ,  t h e  n r a t e s  a r e  r e s t r i c t e d  t o  b e  i n t e g r a l  m u l t i p l e s  
of  a fundamental  r a t e ;  t h e  h i g h e s t  r a t e  i s  n times t h e  fundamental  
r a t e .  T h i s  i s  t h e  " I n t e g r a l  M u l t i p l e  Case". I n  t h e  second 
" A r b i t r a r y  Rate Case", t h e  n t r a n s m i s s i o n  l e v e l s  may be  chosen 
independen t ly  of  one a n o t h e r .  

T h i s  e n t i r e  problem has been sugges ted  by work done 
The on t h e  communication a s p e c t s  o f  Mars f l y b y  mis s ions .  

communication ra tes  used i n  t h e  " I n t e r i m  Mission Sequence 
P lan"  were chosen p r i o r  t o  t h e  p r e s e n t  s tudy  and were no t  
op t imized  i n  t h e  s e n s e  used h e r e .  However, t h e i r  cho ice  was 
based on many c a r e f u l  c o n s i d e r a t i o n s ,  i n c l u d i n g  hardware l imi ta -  
t i o n s  and data r equ i r emen t s .  I n  t h e  p r e s e n t  s t u d y ,  t h e  s o l e  
c o n s i d e r a t i o n  has been t h e  maximizat ion of t h e  data t r a n s m i s s i o n .  
A s  such ,  i t  should  b e  cons idered  only as a component p a r t  o f  an 
o v e r a l l  o p t i m i z a t i o n  o f  t h e  t r a n s m i s s i o n .  

11. INTEGRAL MULTIPLE LEVELS 

I n  t h i s  s e c t i o n ,  we make t h e  assumption t h a t  t h e  
t r a n s m i s s i o n  may take p l a c e  a t  any of  n l e v e l s  which a r e  
i n t e g r a l  m u l t i p l e s  o f  a fundamental  r a t e  u ( ~ ) .  
r a t e s  are g iven  by 

Tha t  i s ,  t h e  n 

We wish  t o  maximize t h e  t o t a l  i n f o r m a t i o n  f low Q ( n )  by appro- 
p r i a t e l y  choos ing  t h e  fundamental  r a t e  u. 

r e l a y i n g  data between a Mars photographic  o r b i t i n g  v e h i c l e  and t h e  
f l y b y  v e h i c l e .  
t h e  r a t e  a t  which a s i n g l e  scann ing  dev ice  i n  t h e  Mars o r b i t e r  
c o n v e r t s  photographic  in fo rma t ion  to ana log  data. 
that t h i s  dev ice  werks r t  a c o n s t a n t  r a t e ,  a l though  i n  o u r  case  
w e  suppose t h a t  t h e  r a t e  may be f r e e l y  chosen b e f o r e  the s t a r t  
o f  t h e  mis s ion .  Because of  hardware c o n s t r a i n t s  such  a c i rcumstance  
may n o t  e x i s t  i n  f a c t .  

Such a s y s t e m  as d e s c r i b e d  above has been proposed f o r  

I n  t h a t  ca se ,  t h e  fundamental  r a t e  cor responds  t o  

It i s  supposed 
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I n  o r d e r  t o  i n c r e a s e  t h e  data f l o w  from t h e  o r b i t e r  
t o  t h e  f l y b y  v e h i c l e ,  s e v e r a l  scanning  d e v i c e s  working i n  
p a r a l l e l  may be employed. The number o f  dev ices  i n  o p e r a t i o n  
a t  any one t i m e  may be changed; t h u s ,  i f  t h e r e  are n scann ing  
d e v i c e s ,  t h e n  t r a n s m i s s i o n  may occur  a t  any one of  t h e  n r a t e s  
g iven  i n  e q u a t i o n  ( 3 ) .  

We l a b e l  t h e  r a t e s  by t h e  r e l a t i o n  

where u ( n )  i s  t h e  fundamental  r a t e  i n  t h e  case  of  n l e v e l s .  
s h a l l  commonly suppres s  t h e  s u p e r s c r i p t  ( n )  where i t  does no t  
add t o  t h e  c l a r i t y  o f  e x p o s i t i o n .  The fundamental  r a t e  which 
maximizes t h e  in fo rma t ion  t r a n s f e r  w i l l  be denoted by r . 

We 

( n )  

Each r a t e  i n t e r c e p t s  t h e  curve  of  p e r m i s s i b l e  r a t e s  
( e q u a t i o n  1) a t  a t i m e  T ( s e e  F i g u r e  2 )  g iven  by 

j 

- 2  
j 

p = aT  
j 

and w e  have immediately 

1 /2  . T = [ a / ( n + l - j ) u ]  
j 

( 5 )  

j = 1, ..., n ( 6 )  

> T .  and we n o t e  t h a t  Tj+l  

f low,  w e  can c o n s i d e r  t h a t  t h e  ra te  p i s  u t i l i z e d  d u r i n g  t h e  
p e r i o d  

j 

S ince  i t  i s  d e s i r e d  t o  maximize t h e  t o t a l  i n f o r m a t i o n  

j 

T < t < T  j-1 - j 
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A lower r a t e  would p rov ide  l e s s  i n f o r m a t i o n ,  and t h e  nex t  h i g h e r  
r a t e  i n t e r c e p t s  t h e  p e r m i s s i b l e  l i m i t  curve ( e q u a t i o n  (1)) a t  
T and s o  i s  n o t  p e r m i t t e d  i n  t h e  t ime i n t e r v a l .  j-1’ 

The a r e a  q under  t h e  s t e p  f u n c t i o n  curve o f  F i g u r e  2 
i s  e q u a l  t o  t h e  t o t a l  i n fo rma t ion  t r a n s m i t t e d ,  and t h e  area i s  
g iven  by 

n 

j=1 

j ’  
We seek  t o  maximize q ( n )  by an a p p r o p r i a t e  choice  o f  t h e  p 

t h a t  i s ,  through equa t ion  (4), by cho ice  of  t h e  fundamental  r a t e  
U ( n ) .  For t h i s  purpose ,  we w i l l  r e s t r i c t  u t o  t h e  i n t e r v a l  

a < -  ( n )  
2 o < u  

nTO 

s i n c e  t h i s  g u a r a n t e e s  t h a t  T1 
a l l  T j  2 To.  
u n d e s i r a b l e  terms which correspond t o  n e g a t i v e  in fo rma t ion  
t r a n s f e r .  A t  a l a t e r  p o i n t  w e  w i l l  c a r e f u l l y  c o n s i d e r  t h e  
e f f e c t  of  t h e  r e s t r i c t i o n  ( 8 ) .  

To ,  and because T j + l T j ,  t h a t  

Without t h e  l i m i t a t i o n  ( 8 ) ,  e q u a t i o n  ( 7 )  c o n t a i n s  

Consider  equa t ion  ( 7 )  ; t h e  term ( P  - P j t l  ) i s  j u s t  
e q u a l  t o  u ,  and we o b t a i n ,  w i t h  t h e  u s e  o f  (61 ,  

n . 

To maximize t h e  area, we s e t  
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T h i s  i s  a n e c e s s a r y  bu t  no t  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  
e x i s t e n c e  o f  an extremum. We s h a l l  l a t e r  show t h a t  i n  f a c t  a 
maximum i s  o b t a i n e d ,  b u t  i n  t h e  meantime w e  w i l l  assume t h a t  
i t  p rov ides  a maximum p o i n t .  From t h e  p rev ious  e q u a t i o n  one 
o b t a i n s  

L J 

where r ( n )  i s  t h e  va lue  of u which maximizes q ( u ) .  
t h e  sum in equa t ion  (10) may be w r i t t e n  i n  t h e  form 

We n o t e  t h a t  

We t h e n  d e f i n e  

1 s = -  
n n  

s o  t h a t  

1 1' 
J 

The t o t a l  amount of in format ion  which i s  t r a n s m i t t e d  when 
t h e  o p t i m ~ m  fundamental r a t e  i s  employed can be o b t a i n e d  from 
e q u a t i o n  ( 9 )  
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Using 1 2 ,  w e  f i n d  

The f u n c t i o n  Sn has  been e v a l u a t e d  u s i n g  t h e  Bellcomm 
7040-7044 d i g i t a l  computer. Double p r e c i s i o n  a r i t h m e t i c  was 
used  t o  i n s u r e  t h e  accuracy  o f  t h e  r e s u l t s ,  which are  g iven  i n  
T a b l e  I for c e r t a i n  v a l u e s  of n ,  and which are p l o t t e d  i n  F i g u r e  3. 

It i s  i n t e r e s t i n g  t o  c o n s i d e r  t h e  l i m i t  o f  t h e  optimum 
p r o c e s s  as n-. It i s  shown i n  Appendix A t h a t  

= 4  Lim 
n- 'n 

Not unexpec ted ly ,  w e  f i n d  then  

which i s  just-, the area U R ~ P F  t h e  maximum p e r m i s s i b l e  curve  
( e q u a t i o n  1) from To t o  m .  We a l s o  see 
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The l a t t e r  r e s u l t  merely s t a t e s  t h a t  i n  t h e  l i m i t  of  l a r g e  n ,  
t h e  t r a n s m i s s i o n  r a t e  a t  any s p e c i f i c  t i m e  T i s  g iven  by t h e  
r a t e  o f  t h e  maximum p e r m i s s i b l e  curve  a t  T 

Suppose t h e  fundamental  ra te  d i f f e r s  from t h e  v a l u e  
which p rov ides  a maximum in fo rma t ion  t r a n s f e r .  Let  us d e f i n e  
t h e  e f f i c i e n c y  E t o  be 

j 
j' 

With t h e  use of equa t ions  ( g ) ,  (ll), ( 1 2 )  and ( 1 3 )  
we f i n d  

T h i s  r e l a t i o n s h i p  i s  p l o t t e d  i n  F igu re  4 .  T h i s  equa t ion  shows 
t h a t  t he  p o i n t  r = u, where SI. du = 0, i s  i n  f a c t  a r ea l  maximum. 
We had made t h a t  assumption e a r l i e r  i n  t h i s  s e c t i o n .  

We r e c a l l  t h a t  equa t ion  ( 8 )  l i m i t s  t h e  range o f  u and 
e q u a t i o n  ( 1 6 )  i s  v a l i d  only f o r  

O < U L -  a 
2 - 

nTO 
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However, we are now i n  a p o s i t i o n  t o  d i s c u s s  t h i s  r e s t r i c t i o n .  
The upper  l i m i t  o f  t h e  fundamental  r a t e  i n  e q u a t i o n  ( 8 )  i s  
chosen s o  t h a t  t h e  ra te  p1 s a t i s f i e s  t h e  i n e q u a l i t y  

Now, i f  u i s  al lowed t o  i n c r e a s e  and t o  l i e  i n  t h e  range 

t h e n  w e  have 

a > -  
2 ’  

0 
T 

T h a t  i s ,  there  are  e x a c t l y  (n-1) t r a n s m i s s i o n  l e v e l s  which are 
u s e f u l  f o r  t imes g r e a t e r  than  To.  

t h e  maximum p e r m i s s i b l e  r a t e  excep t  f o r  t 2 To,  and because  w e  
assume no t r a n s m i s s i o n s  b e f o r e  T i s  excluded from u s e .  Thus 
i n  t h e  i n t e r v a l  g iven  b y  (17), f o r  t h e  n - l e v e l  c a s e  t h e  
amount of i n fo rma t ion  t r a n s m i t t e d  i s  t h e  same as f o r  t h e  n-1 
l e v e l  case .  We are faced w i t h  t h e  f o l l o w i n g  q u e s t i o n :  i n  t h e  
c a s e  of r! l e v e l s ,  i s  it p o s s i b l e  t o  t r a n s m i t  more i n f o r m a t i o n  
by a cho ice  of u which r e s t r i c t s  t h e  number o f  u s a b l e  l e v e l s  
t o  n - l ?  

The nth l e v e l ,  pl, exceeds 

0’ 

The answer i s  no.  It i s  shown i n  Appendix A t h a t  
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Consequent ly ,  s i n c e  

- 1 0  - 

we have 

where f o r  qm ( n )  t h e  r e s t r i c t i o n  on u i s  g iven  by ( 8 )  and f o r  

by 
(n-1)  

q m  

For  t h e  n - l e v e l  c a s e ,  however, i f  u l i e s  i n  t h e  range  of 
e q u a t i o n  (l7), t h e  in fo rma t ion  t r a n s m i t t e d  must b e  l e s s  t h a n  
or e q u a l  t o  qm (n-l) and,  through e q u a t i o n  ( 1 9 ) ,  less t h a n  

q m  
p r o v i d e s  a maximum in fo rma t ion  t r a n s f e r  f o r  any u i n  t h e  i n t e r v a l  
g i v e n  by e q u a t i o n  ( 2 0 ) .  

( n >  ( n ) .  Thus w e  are now insu red  t h a t  t h e  fundamental  r a t e  r 

It i s  p o s s i b l e  t o  ex tend  t h e  range  o f  u by subsequent  
arguments f o r  n-2 l e v e l s ,  t hen  n-3 and s o  f o r t h ,  u n t i l  w e  r e a c h  
t h e  p o i n t  where u exceeds /To , a t  which p o i n t  no t r a n s m i s s i o n  
a t  a l l  i s  p o s s i b l e .  

a 2  

Tha t  i s ,  w e  have v e r i f i e d  t h a t  r (,j does  indeed  produce 
a maximum amount of  i n fo rma t ion  t r a n s m i t t a l  i n  t h e  c a s e  where a t  
most n - l e v e l s  are a l lowed,  and where t he re  i s  no r e s t r i c t i o n  on 
t h e  range  o f  u .  Equat ion  (161, however, i s  only  a p p l i c a b l e  t o  
t he  range  g iven  by ( 8 ) .  
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111. ARBITRARY RATES 

The problem which w i l l  be  d i s c u s s e d  i n  t h i s  s e c t i o n  
i s  t h e  same as b e f o r e ,  except t h a t  w e  r e l e a s e  t h e  c o n s t r a i n t  
t h a t  t h e  t r a n s m i s s i o n  ra tes  b e  i n t e g r a l  m u l t i p l e s  of  a funda- 
menta l  r a t e .  We c o n s i d e r  t h a t  t h e r e  a r e  n t r a n s m i s s i o n  r a t e s  
0 j = 1 , . - *  , n ,  s a t i s f y i n g  
j '  

It i s  a l s o  convenient  t o  def ine '  

and 

We a l s o  
curve  g 

-2 u = aTo 
0 

= o  n t l  U 

d e f i n e  T as t h e  t ime when r a t e  u i n t e r s e c t s  t h e  

v ing  t,,e maximum permissible  r a t e  ( e q u a t i o n  l), i . e . ,  
j j 

-2  
j 

(T = a T  
j 

t o  T . T h i s  p rov ides  
j-1 j 

The r a t e  u i s  used d u r i n g  the  p e r i o d  T 
t h e  maximum in fo rma t ion  t r a n s f e r  i n  t h e  i n t e r v a l  s i n c e  t h e  next  
h i g h e r  r a t e  exceeds t h e  maximum p e r m i s s i b l e  ra te  i n  t h e  i n t e r v a l .  
Note t h a t  e q u a t i o n s  (21a) and (21c )  are c o n s i s t e n t .  

j 
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The t o t a l  i n fo rma t ion  which i s  t r a n s m i t t e d  i s  

n 

and w e  seek t h a t  s e t  o f  n 0 ' s  f o r  which w ( n )  i s  a maximum. 

S i n c e  w ( n )  has cont inuous  f i r s t  d e r i v a t i v e s ,  t h e  maximum p o i n t  
must s o l v e  t h e  e q u a t i o n  

j 

We o b t a i n  n e q u a t i o n s  of  t h e  form 

where use  has been made of t h e  d e f i n i t i o n s  c o n t a i n e d  i n  
e q u a t i o n s  (21a) and ( 2 1 b ) ,  and e q u a t i o n  ( 2 1 c )  has been used  
t o  e l i m i n a t e  T 

j '  
Equat ion  ( 2 3 )  i s  a s u f f i c i e n t  b u t  n o t  necessa ry  condi- 

t i o n  t o  b e  s a t i s f i ed  by a maximum p o i n t ;  a saddle p o i n t  would 
a l s o  s a t i s fy  the e q u a t i o n .  ( 3 )  However, w ( n )  i n  e q u a t i o n  ( 2 2 )  
must have a maximum, because i t  i s  bounded by t h e  area under  
t h e  maximum p e r m i s s i b l e  ra te  curve  ( e q u a t i o n  2 )  and it can be  

( n )  approaches z e r o  as a l l  t h e  a.+O o r  as a l l  t h e  shown t h a t  w 
(Jj +0c 

r ange  of t h e  O ' S ,  s i n c e  s t r a i g h t f o r w a r d  argiirnerits shew t ha t  small 
ad jus tmen t s  away from t h e  boundary i n c r e a s e  t h e  va lue  o f  w 
Hence, there  must be a maximum p o i n t  s a t i s f y i n g  ( 2 3 ) ,  and s i n c e ,  
as w i l l  be  s e e n ,  a unique p o i n t  i s  developed from e q u a t i o n  ( 2 4 1 ,  
t h a t  must b e  t h e  maximum p o i n t .  

J 
Moreover, t h e  maximum cannot  l i e  on any boundary o f  t h e  

( n )  . 
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Suppose w e  r e l a t e  u t o  a j + l  by t h e  r e l a t i o n  
j 

j = 0 ,  0 ,  n-1 

By s e t t i n g  j = n i n  e q u a t i o n  ( 2 4 )  and making u s e  o f  ( 2 5 )  
w e  o b t a i n  

r l  = 4 

F o r  a r b i t r a r y  j we o b t a i n  t h e  r e c u r s i o n  r e l a t i o n  

r j + l  =(&)2 

We can ex tend  e q u a t i o n  ( 2 5 )  as f o l l o w s  

r l a n  
. . .  a =  r r j rn - j  n- j -1  n-j-2 

or 

where 
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and 

a ( 0 )  = 1 

We a l s o  have t h e  f o l l o w i n g  r e l a t i o n  

u = a ( n ) u n  
0 

s o  t h a t  w e  can o b t a i n  u i n  terms of  u which i s  known a t  t h e  

o u t s e t  of  t h e  problem ( e q u a t i o n  2 1 a ) .  
j 0' 

It should  b e  no ted  a t  t h i s  p o i n t  t h a t  t h e  q u a n t i t i e s  
r k  and a ( k )  are  independent  o f  n ,  t h e  number of  l e v e l s  i n  t h e  
s y s t e m  under  c o n s i d e r a t i o n .  T h i s  s i m p l i f i e s  t h e  problem of  
t a b u l a t i o n  of t h e  q u a n t i t i e s  and i t  a l lows  t h e  development o f  
t h e s e  q u a n t i t i e s  wi thout  c o n s i d e r i n g  a s p e c i f i c  problem. 

The CI ' s  of  e q u a t i o n  ( 3 0 )  maximize t h e  t o t a l  i n f o r m a t i o n  
j 

t r a n s m i t t e d ,  e q u a t i o n  ( 2 2 ) .  I f  w e  w r i t e  t h e  maximum area as 

wm 
i n f o r m a t i o n  Q ( e q u a t i o n  2 )  through 

( n ) ,  w e  can d e f i n e  P ( n )  as t h e  f r a c t i o n  o f  t h e  maximum p o s s i b l e  
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and w i t h  t h e  use  of  r e l a t i o n s  ( 2 9 )  and (30) w e  f i n d  

m= 1 J 

L e t  us  c a l c u l a t e  rnPn from ( 3 2 ) ,  and e x p r e s s  i t  i n  terms o f  

l"n-1 and Pn - 1. We o b t a i n  

T h a t  i s ,  i f  rn-lPn-l = 1, then  a l s o  rnPn = 1. 

s o  t h e  r e l a t i o n  can be e x t e n d e d  t o  a l l  n ,  and w e  have 
But r lP l  = 1, 

1 p = -  
j r j  (33 )  

The va lue  of t h e  q u a n t i t i e s  r G ( j )  and P j are  
j' 

g iven  i n  Tab le  I1 f o r  c e r t a i n  v a l u e s  i n  t h e  range j = 1 t o  
j = 1 0 0 , 0 0 0 .  

comparison from t h e  " i n t e g r a l  m u l t i p l e "  c a s e .  
The q u a n t i t y  Pn i s  p l o t t e d  i n  F i g u r e  5 w i t h  a 

It i s  shown i n  Appendix B t h a t  rn+l < r n '  as expec ted ;  

i n  consequence w e  have 

r) > I )  
' n t l  n (34) 

T h i s  means t h a t  t o  i n c r e a s e  t h e  t o t a l  i n f o r m a t i o n  t r a n s m i s s i o n ,  
i t  i s  advantageous t o  i n c r e a s e  t h e  number of l e v e l s  a t  which 
t r a n s m i s s i o n s  o c c u r .  



BELLCOMM, INC.  - 1 6  - 

The l i m i t  o f  Pn as n- can be de te rmined  as f o l l o w s .  
C e r t a i n l y ,  because o f  i t s  d e f i n i t i o n ,  Pn 5 1, because  t h e  
t r a n s m i s s i o n  r a t e s  are  always l e s s  t h a n  t h e  maximum p e r m i s s i b l e  
v a l u e  ( e q u a t i o n  1). On t h e  o t h e r  hand, 

because  t h e  l e v e l s  f o r  wm a re  chosen t o  maximize t h e  area;  
one p o s s i b l e  s e t  o f  l e v e l s  i s  j u s t  t h a t  which maximizes t h e  
" i n t e g r a l  m u l t i p l e "  c a s e .  Consequent ly ,  from e q u a t i o n s  (13), 
( 1 4 ) ,  and (31), w e  have 

a 'n . a 
' n T 2 4  T 

0 0 
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The opt imized  t r a n s m i s s i o n  p r o c e s s  which has  been 
developed h e r e  was sugges t ed  by t h e  communication procedures  
adopted f o r  t h e  Mars Flyby Mission Sequence P lan  (Reference  1). 
I n  t h e  f l y b y  mis s ion ,  t h e  Mission Module communicates w i t h  
probes  which remain i n  t h e  v i c i n i t y  of Mars, and t h e  a v a i l a b l e  
communication bandwidth dec reases  as t h e  Miss ion  Module and 
probes  s e p a r a t e  a t  e s s e n t i a l l y  a c o n s t a n t  v e l o c i t y .  The two 
modes of t r a n s m i s s i o n ,  t h e  i n t e g r a l  m u l t i p l e  case  and t h e  
a r b i t r a r y  c a s e ,  were used i n  t h e  Mars f l y b y  example f o r  communication 
between t h e  pho tograph ic  o r b i t e r  and t h e  Mission Module, t h e  
former cor responding  t o  s e v e r a l  mechanical  pho tograph ic  scanne r s  
o p e r a t i n g  i n  p a r a l l e l ,  and the  l a t t e r  t o  r eadou t  from a b u f f e r  
s t o r a g e  a t  s e v e r a l  d i f f e r e n t  r a t e s .  

q u a n t i t y  t o  be opt imized  i s  t h e  t o t a l  amount o f  i n f o r m a t i o n .  
T h i s  i s  a r e s t r i c t i v e  assumption and i s  c l e a r l y  n o t  v a l i d  i n  
many c i r cums tances .  Fo r  example, a Mars probe may be mea- 
s u r i n g  t h e  l o c a l  t empera tu re .  It may t h e n  be d e s i r e d  t o  
o b t a i n  t h e  measurements over  a s  long  a t ime span as p o s s i b l e ,  
r a t h e r  t h a n  o b t a i n  t h e  g r e a t e s t  number o f  measurements ( t h e  
g r e a t e s t  in format  i o n )  . 

t i o n  scheme i s  a p p r o p r i a t e  probably i n v o l v e s  s t o r a g e  of  i n f o r -  
mat ion i n  some f a s h i o n .  That i s ,  t h e r e  i s  a l a r g e  amount o f  
data which i s  c o l l e c t e d  and s t o r e d  very  q u i c k l y ,  and t h e  c m c e r n  
i s  t r a n s m i t t i n g  as much of t h e  s t o r e d  i n f o r m a t i o n  a s  p o s s i b l e .  
A photographic  o r b i t e r  i s ,  o f  cou r se ,  a s t r a i g h t f o r w a r d  example 
o f  such a s y s t e m .  

A pr imary assumption of  t h e  scheme i s  t h a t  t h e  

I n  g e n e r a l ,  t h e  s i t u a t i o n  f o r  which t h e  opt imiza-  
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TABLE I 

n 

1 
2 
3- 
4 
5 
6 
7 
8 
q 
10 
12 
14 
16 
18 
2r! 
22 
24 
26 
2 8  
30 
3 2  
34 
36 
38 
40 
4 5  
50 
5 5  
6 0  
6 5  
7n 
7s 
80 
85 
9 0  

‘n 
1 . 0C00POf?(! 
1.45710677 
I .739581?3 
1 00383PC25 
2.P88739C’l 
2.20kl6830 
2.30613815 
2038.868245 
2.45042009 
2.52104199 
2.62378249 
2.70670149 
2.77555150 
2 .83W71?8 
2 . 8843sko4 
2.02852223 
2.Q6758291 
3ono2492n4 
3qn3304714 
3oP6243067 
3.088552nf’ 
3 1 1.2 4 76 1 1 
30134543Q0 
3.15498680 
3.17399749 
3.22626109 
3.25246081 
3.28393462 
?.?1161R56 
3 033627671 
3.7583Rn97 
3.37836175, 
3.19654168 
3.411317827 
3.42848!’06 

n 

95 
100 
150 
200 
250 
300 

500 
6 0 Q  
700 
800 
900 

1 (?00 
1500 
2nn0 
2500 
? f i O C ’  
4Q90 
5000 
600P 
7000 
8000 
9000 
10000 
15000 
20000 
25000 
3P000 
4 n ~ n n  
5000P 
6 0 0 P 9  
70P00 
8 0 0 0 0  

1cl0000 

4nn 

nnnr\n 
’1 u 0 1 1  u 

Sn 
3.44261798 
3. 45573367 
3.54Q81032 
3.6070Q852 
3064671883 
3.67624095 
30718P7867 
3.74689883 
3 7 6 8 3 1 3 7 1 
3.78504023 
3079857606 
3 80982 390 
3.81936467 
308519052n 
3.87143132 
3.884813Pl 
3080471945 
3.9P866646 
3.71821226 
3.92527324 
3.33C76956 
3.93520549 
3.93888351 
3.94193762 
3.95257971 
3.95890105 
3.96322054 
3.966412P1 
3.97PRQgn4 
3.97395888 
3.97622126 
3.97798046 
3.979309P6 
3.38057446 
3 98 1563C8 

VALUE OF THE SEQUENCE Sn FOR SELECTED n. THE SEQUENCE 
IS DISCUSSED I N  THE TEXT. 
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TABLE I I  

71 
1 
2 
3 
4 
5 
6 
7 
R 

1 0  
1 2  
1 6  
2 0  
30  

5 0  
6 0  
7 0  
8 0  
9 0  

1 0 0  
1 5 0  
2 0 n  
3nr! 
4 0 0  

6 0 0  
7 0 0  
8 0 0  

1 0 0 0  
1 5 0 0  
2 0 0 0  
3 0 0 0  
4000 
5 9 0 0  

7G00 
8 0 0 0  

10000 
2 0 0 0 0  
3 0 0 0 0  
4 0 0 0 0  
500OP 

7 0 0 0 0  
80000 

lOOG00 

4 

4 n  

5 n 0  

6~lnr) 

m o o n  

0 . 2 5 ~ n n 0 0 ~  
9 . 3 9 c 6 2 5 c n  
0 . 4 8 3 4 5 9 4 7  
0 0 5 5 0 1 6 3 0 0  
0 0 6 0 0 7 5 1 3 3  
0 . 6 4 ~ 6 n i 2 n  
0 0 6 7 2 8 9 3 0 8  
0 0 6 9 9 6 4 2 8 1  
0 0 7 2 2 1 9 6 4 2  
0 . 7 4 1 4 3 0 1 3  
0 . 7 7 2 8 1 4 1 4  
3 . 8 1 6 7 4 5 1 1  
" 0 8 4 6 1 0 2 ~ 1 .  
0 . 8 8 9 9 4 9 9 3  
0 . 9 1 4 1 6 0 6 5  
0 . 9 2 9 5 7 5 7 2  
0 . 9 4 0 2 6 6 9 6  
0 . 9 4 8 1 2 3 7 9  
0 0 9 5 4 1 4 4 6 2  
0 . 3 5 8 9 0 7 3 6  
3 0 9 6 2 7 7 0 0 0  
0 0 Q 7 4 6 5 5 6 8  
0 0 9 8 n 7 7 8 8 1  
O.oR7n3395 
Pm99O2 1 4 7 8  
0 0 9 9 2 1 4 1 4 4  
0 . 9 9 3 4 3 3 7 9  
0 0 9 3 4 3 6 0 8 9  
0 . 9 9 5 0 5 8 4 5  
0 . 9 9 6 0 3 8 3 6  
0 . 9 9 7 3 5 1 1 4  
0 . 9 9 8 0 1 0 3 1  
CI 9986 7 1 4  3 
n. w x - m 2 7 5  
n . w v n 1 8 n  

n . 9 9 ~ 4 2 9 5 2  
" 0  QQQ'3346n 

0 . 9 9 0 5 0 0 7 3  
0 .  9 9 ? 6 r Y 4 8  
0 . 9 9 9 8 0 0 1 2  
0 . 9 9 9 8 6 6 7 2  
0 .99990P03 
Qo99992P02 
n . 0 9 ~ 9 3 3 3 5  
n . o ~ w 4 2 e 6  
r)o9QQ95C,C!1 
~ m 3 Q 9 Q 6 C ) O l  

0 .  ln0OClOE 
0 . 4 P 0 ~ 0 r ) E  
CI.10240flE 
0.21 1897E 
00304 '989E 
0 0 6 4 0 8 4 6 E  
0 . 1 0 0 n 3 c ~  
0 .  1 4 8 6 h 9 E  
0 .21  2442E 
0 0 2 3 4 2 3 1 E 
0 0 3 9 6 8 1 0 k  
0.6772 1 4 E  
Oolh '3937E 
0 .335724E 
Po131131E 
0 0 3 5 8 8 0 0 E  
0 7983148E 
0 0 1 5 5 1 0 4 t  
0 .273756E 
0 0 449797E 
O . 6 W 1  h3E 
0 .103972F 
CI . 4 8 7 0 6 8 E  

(7.7 15478E 
0 .220922E 
0 .531582E 
0.103135E 
0 0 2 0 0 7 1 6 E  
0 0 3 4 0 5 P 7 E  
0 0 8 2 4 6 9 5 E  
0.412899E 
0 .  1 2 9 7 4 4 E  
0 0 6 5 2 U 8 6 E 

n. 1 4 7 6 ~ 5 ~  

0 . 2 n 5 6 ~ 9 ~  
0 0 5 0 1 2 2 7 6  
0.1037QOE 
0 0 1 9 2 1 1 5 F  
0.327502E 
0 0 7 9 8 7 3 7 E  
0 .  127523E 
0 6 4  5090E 
0 0 2 0 3 8 0 2 E  
0 0 4 9 7 4 4 6 E  
0 . 1 0 3 1 3 4 t  
n.  i s i n / t 5 E  
n . 2 5 8 8 6 E  
n . 7 9 5 5 1 8 ~  

01 
r l  
0 2  
0 2  
0 2  
0 2  
0 3  
0 3  
0 3  
0 3  
0 3  
0 3  
0 4  
(24 
0 5  
05  
0 5  
0 6  
0 6  
0 6  
C 6  
07  
n7 
0 8  
0 8  

r)Q 

10 
1 0  
lc! 
1 0  
11 
12 
1 2  
1 3  
1 3  
1 4  
14 
1 4  
1 4  
1 6  
16 
1 7  
1 7  
18 
1 8  
18 
1 8  

ns 

FUNCTIONS USEFUL I N  THE ARBITRARY CASE, FOR SELECTED j .  
THE FUNCTIONS ARE EXPLAINED I N  THE TEXT 
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APPENDIX A 

PROPERTIES OF THE SEQUENCE Sn 

I n  t h i s  appendix,  c e r t a i n  p r o p e r t i e s  of t h e  sequence 
a r e  developed.  They a r e ,  i n  t h e  o r d e r  i n  which t h e y  w i l l  be  
d i s c u s s e d ,  t h e  convergence of t h e  sequence,  a proof  t h a t  t h e  
sequence i s  monotonic i n c r e a s i n g ,  and a d e t e r m i n a t i o n  of t h e  
l i m i t  of t h e  sequence. 

The nth term o f  t h e  sequence i s ' d e f i n e d  by  

'n 

b u t  it i s  more convenient  t o  dea l  w i t h  

where c l e a r l y  

Sn = Rn 2 

We can w r i t e  Rm i n  t h e  form 
11 

A . l  

A.2 

A . 3  
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Consider  t h e  term w i t h  j = n - 1; s i n c e  we can w r i t e  

, E > O  
1 t 2 E  n = (n  - 1) 

t h e n  

S i m i l a r l y ,  w e  have 

j = 2 , - *  0 ,  n-1 

The nth element of t h e  sequence may t h e n  b e  w r i t t e n  

n- 1 
1 

j 
1 1 + E I  

1 1  - t -  
j j = 2  

R n - n  1/2 

n 
1 1  1 < - t  - n  1+E 

n j=1 j 

A.4 

< -  f o r  I > 1 - j l t E  j -  
1 

j 
since j l t E I  



. 
BELLCOMM, INC. - 3 -  

1 However, t h e  se r ies  n-+m l+E i s  bounded from above f o r  any 

E>O;  l e t  t h i s  bound b e  uE. We have 

Lim f - 
j=1 j 

and w e  conclude t h a t  t h e  sequence Rn ,  and hence a l s o  Sn, i s  
bounded from above as n-. 

We nex t  w i s h  t o  es t ,abl ish t h e  r e l a t i o n s h i p  

'n+l > 'n A. 5 

A s  b e f o r e ,  w e  w i l l  work w i t h  R and show t h a t  n 

from which e q u a t i o n  A . 5  immediately f o l l o w s .  From t h e  d e f i n i t i o n  
of Rn ( e q u a t i o n  A . 2 )  w e  can d e r i v e  a r e c u r s i o n  r e l a t i o n  

A . 6  
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I f  we c o n s i d e r  Rn t o  b e  a v a r i a b l e ,  Rnt l  i s  l i n e a r l y  
r e l a t e d  to Rn,  and i t  i s  eas i ly  shown t h a t  

S i m i l a r l y ,  o f  c o u r s e ,  it fo l lows  

' I 2  
N o w ,  suppose w e  have shown t h a t  Rn < 1 t I%] ; t h e n  

I I it f o l l o w s  from e q u a t i o n  A . 6  

1 1/2 
t -  R n t l  n t l  n + l  

n < -  

s o  t h a t  

j 
T h a t  i s ,  i f  w e  can show t h a t  f o r  some R 

A .  7 
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we can  app ly  A . 7  s u c c e s s i v e l y  and show 

But 

and w e  have e s t a b l i s h e d  

f o r  all j ,  and t h e r e f o r e  t h a t  

and t h a t  e q u a t i o n  A . 5  i s  v a l i d .  

We a l s o  have e s t a b l i s h e d  an  upper  bound on R n ( e q u a t i o n  A . 8 )  
and i n  t h e  l i m i t  

A .  8 
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L i m  < 
n- 'n - 

The l i m i t  o f  t h e  sequence Sn can b e  e s t a b l i s h e d  
d i r e c t l y  by means o f  a t r a n s f o r m a t i o n  as f o l l o w s . *  

Define y th rough t h e  r e l a t i o n  

We n o t e  t h a t  t h e  r e g i o n  o y - < 1 i s  d i v i d e d  by  Ay i n t o  n 
e q u a l  l e n g t h s ,  and w e  can w r i t e  

y=l 

Rn = 1 
y=o Y 

I n  t h e  l i m i t  as n+-, t h e  sum becomes an i n t e g r a l  and 

* T h i s  method was sugges ted  by B. G.  Smith.  
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and w e  a l s o  have 

T h i s  is c o n s i s t e n t  w i t h  equa t ion  A.9. 
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I n  t h i s  appendix w e  prove t h e  r e l a t i o n s h i p  

The above r e l a t i o n s h i p  was used i n  S e c t i o n  I11 to prove  
t h a t  

j + l  ' j 
P 

B.l 

B . 2  

which i n d i c a t e s  t h a t  i t  i s  advantageous t o  i n c r e a s e  t h e  number 
o f  t r a n s m i s s i o n  l e v e l s .  

i s  r e l a t e d  to r th rough 
r j + l  j 

-J 
r j + l  - \1 + r j l  

L e t  us c o n s i d e r  t h e  f u n c t i o n  

B . 3  

B . 4  

when y = r - = 1 f o r  y j  = 1. which g e n e r a t e s  r j + l  j j '  ' j+l 
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Appendix B 

We may w r i t e  

From B . 4  w e  o b t a i n  

T h i s  f u n c t i o n  i s  p l o t t e d  i n  F i g u r e  B-1. The p r o p e r t i e s  which 
are impor t an t  t o  t h e  d i s c u s s i o n  are 

B . 6  

f o r  y > 1 3 

f o r  y = 1 
j 

B . 7 a  

B .7b  

B.7c 
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Appendix B 

L e t  u s  suppose for t h e  moment t h a t  r > 1; by 
j 

a p p l y i n g  ( B . 7 a )  t o  t h e  second of e q u a t i o n s  ( B . 5 )  w e  o b t a i n  

B . 8  

S i n c e  r 
may b e  a p p l i e d  s u c c e s s i v e l y  t o  r 2 ,  
B . 8  i s  v a l i d  f o r  a l l  j .  

= 4 ( e q u a t i o n  2 6 ,  S e c t i o n  1111, t h e  above r e l a t i o n s h i p  

3' . 

1 
0 ,  s o  t h a t  e q u a t i o n  

i Compare t h e  two equa t ions  B . 5 .  Except for t h e  p o i n t  

B.7b and B.7c) ;  s i n c e  r > 1, however, w e  immediately conclude 
i s  less  t h a n  t h a t  for r ( e q u a t i o n  

~ 

j +1 j 
= 1, t h e  i n t e g r a n d  for r 

'j 

j 

B . 9  
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